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Abstract
We prove the existence, for each integer n > 1, of infinitely many cyclic cubic fields whose
ideal class group has n-rank at least two. This improves on the general bound proved by
Nakano, which is one for totally real number fields.
1 Introduction
Shanks considered in [Sha74] the polynomial
x3 +mx2 − (m+ 3)x+ 1,
where m ∈ Z is any integer. This polynomial is irreducible, because it has no root in Z. Its
discriminant is (m2 + 3m + 9)2, which is a nonzero square. It follows from elementary Galois
theory that the splitting field of this polynomial is a cyclic cubic extension of Q, and in particular
is totally real.
Given two integers n > 1 and t ∈ Z, we denote by Kn,t the splitting field of the polynomial
above, with the following value of the parameter m:
m =
(6t+ 1)n − 3
2
.
The aim of this paper is to prove that, amongst fields in this family, “most” of them have a
class group whose n-rank is at least two, more precisely:
Theorem 1.1. Let us fix an integer n > 1. Then for all but O(
√
N) values t ∈ {1, . . . , N}, the
field Kn,t defined above satisfies
rknCl(Kn,t) ≥ 2. (1)
Moreover, for sufficiently large positive X, the number of isomorphism classes of fields Kn,t
satisfying (1) and such that |Disc(Kn,t)| ≤ X is ≫ X1/4n.
A short comment on terminology: if M is a finite abelian group, and if n > 1 is an integer, we
define the n-rank of M to be the maximal integer r such that (Z/nZ)r is a subgroup of M ; we
denote it by rknM . If K is a number field, we let Cl(K) denote the ideal class group of K, and
Disc(K) denote the (absolute) discriminant of K.
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Remark 1.2. Uchida [Uch74] was the first to consider this family Kn,t. For all values of n > 1
he proved, under a certain technical condition which is satisfied for infinitely many t ∈ N, that
the class group of Kn,t contains an element of order n. As was noted by Shanks [Sha74, §4], if
primes dividing n are all ≡ 2 (mod 3), then the n-rank of the class group of a cyclic cubic field is
even. Combining these two observations yields the existence, for such n, of infinitely many t such
that Kn,t satisfies (1). Our Theorem 1.1 proves this without any assumption on the integer n, and
yields a quantitative version.
Remark 1.3. It was proved by Nakano [Nak84, Nak85] that, given n > 1 and (r1, r2) ∈ N2, there
exist infinitely many number fields K with r1 real places and r2 complex places such that
rknCl(K) ≥ r2 + 1.
This is currently the best known result for general (r1, r2) and n. To our knowledge, for cubic
fields (r1 + 2r2 = 3), the only improvements to this general bound are for specific values of n, like
n = 2 [GL19] or n = 3 (let us recall that, by class field theory, there exist number fields of degree
d whose class group has arbitrarily large d-rank).
Our result improves on Nakano’s inequality in the case when (r1, r2) = (3, 0). More precisely,
according to Nakano’s result stated above, there exist infinitely many cubic fields with signature
(1, 1) (resp. (3, 0)) and rknCl(K) ≥ 2 (resp. rknCl(K) ≥ 1). According to Theorem 1.1, the same
lower bound 2 holds for real cubic fields.
We note that, in the case of quadratic fields, it is not known whether or not there exist families
of real quadratic fields with rknCl(K) ≥ 2.
Our strategy is closely related to the techniques developed in [GL12] and [BG18]. We also refer
the reader to the survey [GL20], which gives an overview of the geometric techniques used in order
to construct number fields with large class groups.
2 Proof
2.1 Cyclic cubic covers of P1 whose Picard group has n-rank ≥ 4
Lemma 2.1. Let n > 1 be an integer, and let C be the smooth projective curve over Q defined by
the affine equation
x3 +
(
yn − 3
2
)
x2 −
(
yn + 3
2
)
x+ 1 = 0.
Then:
(1) the y-coordinate map C → P1Q is a geometrically irreducible Galois cover with group Z/3Z;
(2) in the function field of C, we have the relation
ynx(x− 1) + (x− 2)(x+ 1)(2x − 1) = 0;
(3) the Picard group of C contains a subgroup isomorphic to (Z/nZ)4.
Proof. (1) Given a field k of characteristic 6= 2, 3 and an element m ∈ k such that m2+3m+9 6= 0,
the field generated by one root of the polynomial
x3 +mx2 − (m+ 3)x+ 1
2
is a cyclic cubic Galois extension of k, provided this polynomial is irreducible over k.
We now consider the field k = Q(y), where y is an indeterminate, and let
m :=
yn − 3
2
.
Then x3+mx2−(m+3)x+1 is irreducible in Q(y)[x] because, if it had a root, then by Gauss’s
lemma this root would belong to Q[y], and would divide the constant coefficient 1, hence would
belong to Q
×
. This is clearly impossible since it would imply that yn belongs to Q. It follows that
the map y : C → P1Q is a geometrically irreducible cyclic cubic cover.
(2) We have
2
(
x3 +
(
yn − 3
2
)
x2 −
(
yn + 3
2
)
x+ 1
)
= yn(x2 − x) + 2x3 − 3x2 − 3x+ 2
= ynx(x− 1) + (x− 2)(x+ 1)(2x − 1),
hence the result.
(3) According to (2) we have, in the function field of C, the relation
yn = −(x− 2)(x+ 1)(2x − 1)
x(x− 1) , (2)
in which the expression on the right-hand side, seen as a rational function on P1Q, has only simple
zeroes and poles. Therefore, the map x : C → P1Q has degree n and is totally ramified above the
set
{−1, 0, 1/2, 1, 2,∞}.
Each of these points c ∈ P1(Q) has a unique preimage by the map x, which we denote by Tc.
According to (2), we have
div(y) = T2 + T−1 + T1/2 − T0 − T1 − T∞.
It follows that
div(x− c) = nTc − nT∞ for c ∈ {−1, 0, 1/2, 1, 2}.
Then the divisor classes of Tc − T∞ generate a subgroup isomorphic to (Z/nZ)4 in the Picard
group of C, because the only nontrivial relation between these classes is
(T2 − T∞) + (T−1 − T∞) + (T1/2 − T∞)− (T0 − T∞)− (T1 − T∞) = div(y),
hence the result.
Remark 2.2. Picard groups of curves over finite fields are considered natural analogues of class
groups of number fields. Using the same equation as in Lemma 2.1, one obtains, for any prime
number p ≥ 5, a cyclic cubic cover C → P1Fp such that rkn Pic(C)[n] ≥ 4.
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2.2 Arithmetic specialization
If K is a number field, we define
Seln(K) := {γ ∈ K×/(K×)n;∀v finite place of K, v(γ) ≡ 0 (mod n)} (3)
which is an analogue of the Selmer group for the multiplicative group over K. Then we have an
exact sequence
1 −−−−→ O×K/
(O×K)n −−−−→ Seln(K) −−−−→ Cl(K)[n] −−−−→ 0.
In fact, Seln(K) is none other that the flat cohomology group H1fppf(Spec(OK), µn), and the
exact sequence above is the Kummer exact sequence in flat cohomology.
According to [GG19, Prop. 1.1], this exact sequence always splits. Therefore, we are able to
deduce from [GL12, Lemma 2.6] that
rkn Sel
n(K) = rknO×K/
(O×K)n + rknCl(K)[n]. (4)
We shall prove that, for suitable values of y, the functions x− c from Lemma 2.1 define classes
in the Selmer group.
Lemma 2.3. Let φ : C → P1Q be the map defined by
φ :=
y − 1
6
.
For all t ∈ Z, we let Pt be the point in C(Q) defined by
Pt := φ
−1(t) = y−1(6t+ 1).
Then the numbers
x(Pt)− c for c ∈ {−1, 0, 1, 2}
define classes in Seln(Q(Pt)).
Proof. Let t ∈ Z, and let us put x := x(Pt), and y := 6t+ 1. The affine equation of C yields
x3 +
(
yn − 3
2
)
x2 −
(
yn + 3
2
)
x+ 1 = 0.
The integer y being odd, the coefficients of this relation are integers, hence x is an algebraic
integer. Moreover, it is clear from the relation above that x is a unit, and it follows that the
Galois conjugates of x are also units. In the present case [Was87, §1], these conjugates of x can be
explicitely expressed as:
1
1− x and 1−
1
x
.
In particular, x and x− 1 are units, hence define classes in Seln(Q(Pt)).
According to Lemma 2.1 (2), we have
(6t+ 1)nx(x− 1) = −(x− 2)(x+ 1)(2x − 1). (5)
Let v be a place of Q(Pt), then the v-adic valuation of the left-hand side is a multiple of n,
because x(x− 1) is a unit. On the other hand, the discriminant of the polynomial expression on
the right-hand side is 36. Hence, if v does not divide 3, at most one of the numbers
x− 2, x+ 1, 2x − 1
4
may have strictly positive valuation. It follows that, for such v,
v(x− 2) ≡ v(x+ 1) ≡ v(2x − 1) ≡ 0 (mod n).
Finally, if v divides 3, then the v-adic valuation of the left-hand side of (5) is zero, because
6t+ 1 is coprime to three, hence
v(x− 2) = v(x+ 1) = v(2x− 1) = 0,
and the result follows.
Remark 2.4. The same result holds if we let φ := y+16 instead.
In view of Lemmas 2.1 and 2.3, our main result follows easily from [GL20, Theorem 2.7], which
is a variant of [GL12, Theorem 2.4]. Nevertheless, in order to keep the paper self-contained, we
give below an overview of the main ingredients.
Proof of Theorem 1.1. Firstly, we observe that the field Kn,t in none other than the field Q(Pt),
with the notation of Lemma 2.1.
According to the proof of Lemma 2.1, the divisor classes
1
n
div(x− c) for c ∈ {−1, 0, 1, 2}
generate a subgroup isomorphic to (Z/nZ)4 in Pic(C). By Kummer theory on C, one can construct
from these classes a geometrically irreducible e´tale (µn)
4-cover Y → C with function field
Q(Y ) := Q(C)
(
n
√
x+ 1, n
√
x, n
√
x− 1, n√x− 2) .
By Lemma 2.3, for all t ∈ Z, the four elements
x(Pt)− c for c ∈ {−1, 0, 1, 2}
define classes in the Selmer group Seln(Q(Pt)). Applying a quantitative version, due to Cohen
[Coh81], of Hilbert’s irreducibility theorem to the composite cover
Y −−−−→ C φ−−−−→ P1Q
we obtain that, for all but O(
√
N) values t ∈ {1, . . . , N}, the classes above generate a subgroup
isomorphic to (Z/nZ)4 in Seln(Q(Pt)), hence
rkn Sel
n(Q(Pt)) ≥ 4.
On the other hand, the field Q(Pt) being totally real, we have by Dirichlet’s unit Theorem
O×
Q(Pt)
≃ Z/2Z⊕ Z⊕ Z,
hence, for n > 2, we deduce from (4) that rknCl(Q(Pt)) ≥ 2 for all but O(
√
N) values of t ∈
{1, . . . , N}. In the case when n = 2, an extra trick allows to avoid the subgroup of Sel2(Q(Pt))
generated by −1. For more details, we refer the reader to the proof of [GL12, Theorem 2.4]. This
proves the first part of the statement.
Let us now prove the quantitative part of the statement. The map φ, like the map y, has
degree three, and has three distinct zeroes in C(Q), hence by a result of Corvaja and Zannier
[CZ03, Corollary 1], for N large enough, the number of isomorphism classes in the set
{Q(P1), . . . ,Q(PN )}
is at least λN for some constant λ > 0 which depends only on n (for more details, see the
introduction of [BL17]). Finally, the discriminant of Q(Pt) is O(t
4n), hence the result.
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